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^ ■ Abstract 

Let / be an endomorphism of CF k and v be an /-invariant measure with pos- 
itive Lyapunov exponents (Ai, . . . , Afc). We prove a lower bound for the pointwise 
dimension of v in terms of the degree of /, the exponents of v and the entropy 
k-j ' of v. In particular our result can be applied for the maximal entropy measure 

• fi. When k = 2, it implies that the Hausdorff dimension of \i is estimated by 

dim% fj, > + , which is half of the conjectured formula. Our method for 
proving these results consists in studying the distribution of the z/-generic inverse 
branches of f n in CP fc . Our tools are a volume growth estimate for the bounded 
holomorphic polydiscs in CP k and a normalization theorem for the z^-generic in- 
>" verse branches of f n . 
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1 Introduction 

Let / be a smooth map acting on a compact Riemannian manifold M and v be an 
^ ■ /-invariant measure on M. By Young [Y] , the pointwise dimension of v is denned by 

■ (provided the limit exists): 

8(x) = hm h ^} B ^\ 
r^O log r 

where B x (r) is the ball in M of center x and radius r (take liminf and limsup to define 
the lower and upper pointwise dimensions 5_ and 5). That function actually describes 
the geometrical behaviour of v with respect to the metric of M: if a < 5 < 5 < b hold 
2/-a.e., then the Hausdorff dimension of v also satisfies a < dim% v < b [Y] . Recall 
that dim^ v is defined as the infimum of the Hausdorff dimension of the full i/-measure 
borel subsets in M. In particular we have dim% v < dim-^ supp(z/). We refer to the 
book of Pesin jP] for an introduction to dimension theory in dynamical systems. 
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Given a dynamical system (M, /, u), one can expect relations between the dimension 
of v, its Lyapunov exponents A& < . . . < Ai and its entropy h u (see |Le| . [P]). The 
situation has been completely described when / is a smooth diffeomorphism and v 
is an /-invariant hyperbolic measure (i.e. with no zero exponents). Young jY] first 
proved in the case of surfaces the formula 5 = h v j \\ — h v j A2 z/-a.e., where A2 < < Ai. 
In higher dimensions, Ledrappier- Young |LY] established that the unstable pointwise 
dimension of v satisfies u-a.e. 

1 i=2 1 

where h\ < . . . < h u = h v denote the conditional entropies of v along the unstable 
manifolds W 1 C . . . C W" (a similar formula holds for the stable dimension 5 s ). Later 
Barreira-Pesin-Schmeling [BPSJ proved the formula 5 = 5 s + 5 U z/-a.e. by showing a 
product property for the invariant hyperbolic measures. 

In this article, we focus on the holomorphic endomorphisms / of CP fc of degree 
d > 2. These mappings define non invertible ramified coverings of topological degree 
d k . We refer to the article of Dinh-Sibony |DSJ for a survey of their dynamical proper- 
ties. The question of the Hausdorff dimension for the equilibrium measure was raised 
by Fornaess-Sibony |FS2] (see subsection II. ip . 



When k = 1, / defines a rational map on CP 1 , and Mane [M] proved the formula 
5 = h v /\ u-a.e. for any ergodic measure satisfying h v > 0. Here A denotes the single 
exponent of u, it has multiplicity 2 for the underlying real system. The proof heavily 
relies on the Koebe distortion theorem. The present article deals with the higher 
dimensional case, which is not conformal. We obtain the following result: 

Theorem A: Let f be a holomorphic endomorphism ofCF k of degree d > 2 and v be 
an ergodic j ' -invariant measure with positive Lyapunov exponents A& < . . . < Ai. Then 
we have: 

VzeCP* u-a.e.,5( X )> l -^ + K - l ° gdk ~ ] 



Ai Afc 

The proof is outlined in section [21 the method consists in studying the distribution 
of the i/-generic inverse branches of f n in CP fe . Our main tools are a volume growth 
estimate for holomorphic polydiscs in CP fc and a normalization theorem for the v- 
generic inverse branches of f n . That result provides, in some sense, a substitute for 
the one-dimensional Koebe distortion theorem. 



1.1 Application to the equilibrium measure /1 of / 

The equilibrium measure is defined as the limit (in the sense of distributions) of the 
smooth (k, k) form d~ kn f n *u h , where u k is the standard volume form on CP fc . Fornaess- 
Sibony |FSlj proved that /i is mixing and that log Jac/ G L 1 ^). Briend-Duval estab- 
lished that the exponents of /i are bounded below by log \fd [BDlJ and that jj, is the 
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unique measure of maximal entropy (h^ = logd k ) [BD2J. Concerning the Hausdorff 
dimension of fi, Mane's formula asserts that dim^ fi = logd/X when k = 1. Binder- 
DeMarco |BDeM] conjectured for k > 2: 

Conjecture : For every system (CP fc , /, fi), dim n /i = + • • ■ + 

We note that this formula is consistent with (pQ) if we set hi = log d l for the condi- 
tional entropies of [i. Binder-DeMarco [BDeMj proved that dim^ /i < 2k — 2 (£* =1 A, — 
k\og\fd)/\i in a polynomial setting by using volume estimates. Dinh-Dupont |DD| 
extended that estimate to meromorphic endomorphisms of r ri '" 



From theorem A we deduce the following bound. It proves half of the conjectured 
formula when k = 2. 

Corollary A: Let f be an endomorphism of CF k of degree d > 2 and fi be its equilib- 
rium measure. If A& < • - • < Ai denote the Lyapunov exponents of fi, then 

. \ogd k ~ 1 logd 
dim H n > h — — . 

In particular, dim-^ fi > + for every system (CP 2 , /, /x). 

Now we can establish the conjecture for a class of non conformal systems by com- 
bining corollary A with the upper bound stated above: 

Corollary B: Let f be an endomorphism of CP fc of degree d > 2 and fi be its equilib- 
rium measure. If A& = log y/d and \k-i = ■ ■ ■ = Ai, then 

logc^'" 1 logd 
dim H fx= — h — — . 

^1 *k 



1.2 Application to measures with large entropy 

Let / be an endomorphism of CP fe of degree d > 2 and v be an /-invariant ergodic 
measure. De Thelin |dT] proved that if logJac/ G L x {y) and h v > logd k ~ 1 , then 
the Lyapunov exponents of v satisfy \{h v — \ogd k ~ x ) < A& < • • • < \\. In |Duj we 
recently constructed ergodic measures satisfying h v > logd k ~ 1 and showed that the 
preceding estimate holds without assuming the integrability of log Jac /. By theorem 
A, we deduce the following bounds for the largest Lyapunov exponent of v. 

Corollary C: Let f be an endomorphism of CP fc of degree d > 2 and v be an f- 

invariant ergodic measure. 

1. Iflogd^ 1 < h u , then Ai > (1 - l/k)\ogVd. 

2. If\ogd k - 1 < h u < {l + l/k)logd k -\ then X 1 > \{h v - logrf^ 1 ) + ip{h v ), where 

y{K) > o. 
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The first point follows from the observation 5 < 2k. For the second point, the 
function ip is defined as tp{h u ) := |[(1 + l/k)\ogd k ~ l — h„]. Let us observe that 
the latter is false for the equilibrium measure /i, its Lyapunov exponents are indeed 
Ai = . . . = Afc = \{h p — log d k ~ l ) = log \fd when / is a Lattes example |BeDuj . 

1.3 Organization of the article 

The proof of theorem A relies on theorem B, which is stated in section 2: that result 
describes the distribution of the //-generic inverse branches in CP fe . Section 3 deals 
with notations and the normalization theorem for the inverse branches. The proof of 
theorem A is detailed in section 4. We show theorem B in sections 5 and 6. In an 
appendix we establish the growth lemma. 

Acknowledgements : I thank the referee, whose advice and careful reading enabled 
me to improve the exposition of the article. Part of this work was written while visiting 
IMPA in Rio de Janeiro. I thank J.V. Pereira, M. Viana and the Institut for their kind 
hospitality. 

2 Statement of theorem B and outline of its proof 

Let us fix / a holomorphic endomorphism of CP fc with degree d > 2 and v an ergodic 
/-invariant measure with positive exponents A& < ... < Ax- The fractional time q n 
is defined as the entire part of nX^/Xi- We denote by /~ n the inverse branch of f n 
mapping y n := f n (y) to y. We set S p as an arbitrary maximal p-separated subset 
in CP fc . We define £ p (q) as the finite set of p G £ p satisfying q G B p (p) and denote 
B°'(r): /Ur) "O,. 

Theorem B : Let f be an endomorphism of CP fc of degree d > 2 and v be an ergodic 
f -invariant measure with positive Lyapunov exponents A& < . . . < Ai. For every e > 0, 
there exist fl e C CP fc and r = r (e) > satisfying: 

1. z/(O e ) > 1 - e. 

2. for every x G Q e and n large enough, the collection of inverse branches 

Pn(x) := { f yn n B p {s n ) , y G B^{s n e~ nX ^) , p G £ Sn {Vn) } 
is well defined for s n := r e~ 8n€ and satisfies Card V n (x) < S- k ~ l ^ n ~ qn ^ e 20kne . 

Theorem B is used in the proof of theorem A (see section H]). We sketch below the 
proof of theorem B. It relies on propositions A and B. For simplicity, we shall work up 
to e ±ne error terms (for instance we replace e ~" A fc+ 3ne by e~ nXk and s n by 1). 

We define a polydisc as any holomorphic map rj : D fc ~ 1 (r) — > CP fc . Let u denote 
the Fubini-Study (1, l)-form on CP fc and define Vol r\ := ^-i^ rfoj k ~ x : this is the 
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volume of 77 counted with multiplicity. Let {Bj , j G J} be a finite covering of CP fc 
which consists of open sets bounded in the affine charts. We say that rj is bounded if 
its image is contained in some Bj. We shall need the 

Growth lemma : If rj : D fc_1 (2) CP fe zs bounded, then Vol f m o r]\ u-i < d {k - 1)m 
for every m > 1 . 

That geometric result does not depend on the measure z/: the proof relies on the 
existence of a Green current for every endomorphism of CF k (see the appendix). That 
lemma allows us to establish the next proposition: let us fix x G Q e and denote by C n 
the set of polydiscs L n : P^ 1 ->■ S^e - "**). 

Proposition A : For every L n G C n , we have Vol f n o L n < rf( fc_1 )( n_<? ") . 

This estimate follows from the growth lemma taking m = n — q n and 77 = f qn o L n . 
Indeed, the polydisc f q " o L n is bounded since f qn (B x (e~ nXk )) C B Xqn (eT nXk ■ e qnXl ) ~ 
B Xqn (l): that comes from the fact that Ai is the largest exponent and q n X\ ~ nAfc. 

Our second tool is a normalization theorem for the inverse branches of f n established 
by Berteloot-Dupont-Molino [BDMJ. That theorem basically asserts that every inverse 
branch P n G V n {x) looks like a parallelepiped with characteristic dimensions e~ nXl < 
. . . < e~ nXk , it plays the role of a distortion theorem. The normalization theorem allows 
us to prove: 

Proposition B : There exists a finite subset Tn C C n of cardinality less than ke 20ne 
such that for every P n G V n (x), there is L n G J 7 ^ satisfying Vol f n o L n , L -i, Pn -i > 1. 

We actually show that Vol /" o L n t L -i/ Pf j > 1 for (almost) every polydisc L n G C n 
transverse to the e _nAfe -direction of P n . The family T n then practically consists of 
hyperplanes parallel to the coordinates. 

Finally, the upper bound Card V n {x) < d^ 1 ^-^ follows using the fact that the 
inverse branches are pairwise disjoint (see subsection 15.21) . that completes the proof of 
theorem B. 

Let us notice that the estimates of theorems A and B can be sharpened when 
Afc has multiplicity p. The same method indeed yields Card V n (x) < d^ k ~ p ^ n ~ qn ^ by 
considering the family of polydiscs L n : D fc_p — > B x (e~ nXk ). In particular that implies 
the lower bound dim w v > + h "- l f dk ~ P , 

3 Generalities 

3.1 The dynamical systems (CP fc , /, v) 

Let / be a holomorphic endomorphism of CP fc of degree d > 2. It is defined in homo- 
geneous coordinates as [P : . . . : P^] where the P^s are homogeneous polynomials of 
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degree d without common zero (except the origin). The topological degree of / is d k . 
Let C be the critical set of /, this is an hypersurface of degree (d — l)(fc + 1) counted 
with multiplicity. Let u be the Fubini-Study (1, l)-form on CP fc and dist the induced 
distance on CP fc . We denote by Jac / the function on CP fc satisfying f*u k = Jac / • u k . 
This is a bounded non-negative C°° function which vanishes on the critical set C. 

Let v be an /-invariant ergodic measure, h v its entropy and A& < . . . < Ai its 
Lyapunov exponents. We assume that those exponents are positive. In particular, the 
classical formula J cpk log Jac j dv — 2(Ai + . . . + A*.) yields: 

Lemma 3.1 If the exponents of v are positive, then log Jac / G L l {v) and u(C) = 0. 

We shall assume that A& < . . . < Ai- In particular that enables us to simplify the 
statements concerning the normal forms (see the next subsections). Our method easily 
extends when multiplicities occur. 

We endow C fc with \z\ = maxi<j<£ \zi\. For any polynomial mapping Q : C k — > C l , 
we set || Q || as the maximum of the modulus of its coefficients. We also denote by 
(cj)i<i<fe the canonical basis of C fc and by {7ti)i<i<k the projections to the axis. 

3.2 Normal forms associated with the Lyapunov exponents 

For every a = (ai, . . . , a^) G N fe , we set |a| := a± + . . . + and Q a := z" 1 . . . z^ k . 
Given 1 < i < k — 1, the set of i- resonant degrees is defined by: 

% := {a G N k , |«| > 2 , «i = . . . = «j = and A» = a m A m + . . . + a k \ k ) . 

We set I := {1 < i < k — 1 , 2A& < Aj}. Observe that 9^ is empty if % I. Note also 
that |a| < 9 := Xi/Xk f° r every a G 9^, hence £H := U^T 1 1 9 : lj has finite cardinality. We 
denote A := Card 9^. 

We say that a polynomial map : C k — > C k is normal if N — (N\, . . . , Nk-i, 0) 
where N{ = X] q gk c ?Qa f° r some cf G C. A map R : C fe — > C k is resonant if R = 
A + N, where A = (ai, . . . , a^) is a linear diagonal map satisfying e _Ai_e < |ai| < e~ Xi+e 
and is a normal map. 

Every resonant map R = A + N is invertible, and = A~ l + A' for some 
normal map A'. Moreover, if R4 = A^ + Aj {i = 1, 2) are resonant maps, we have 
R\ o R 2 = Ai o A2 + N" for some normal map A". These are classical stability 
properties (see e.g. |GK| . section 1.1 and [BDMJ, section 5). 

3.3 Natural extension and normalization theorem 

Let := {x := (x n ) ne z > Xn+i = f(%n)} be the set of orbits, fc : — > CP fc the pro- 
jection x 1 — y Xq, and s : — » the left shift. We also set r := s _1 . Note that 
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7ros = /oironO. For every n > 0, we denote x n := s n (x). We say that a function 
<f) e : — > M + is e-slow (resp. e-fast) if <p t (0) C]0, 1] (resp. [l,+oo[) and satisfies 
4> e (x)e~ e < <f) e (s(x)) < <f) e (x)e € for every x £ 0. 

We denote by v the s-invariant measure on satisfying z>(7r _1 (j4)) = v(A) for every 
borel set A C CP fc (see |CFSj . section 10.4). We shall work with the s-invariant set 
X := {x = (x n ) n( zz, x n ^ C}. It satisfies 0(X) = 1 since v{C) = (see lemma [XT]) . 
For every x £ X, we denote by the inverse branch of / n sending xq to x„ n . Hence 
f^ n is the inverse branch of f n sending x n = f n (x) to x. 

Definition 3.2 1Z = (R x ) x& x is a resonant cocycle if every R x is a resonant map. 

Given a resonant cocycle 71, we set R x := (ai(x), . . . , ak(x))+(N 1 (x) , . . . , Nk-i(x), 0), 
where e~ Al_e < |aj(x)| < e~ Xi+€ . For every n > 1, we define i?^ := R T n-ii x \ o . . . o R x 
and i?^ n := Using the stability properties, we obtain: 

Wn £ Z , i$ = (a 1>n (x), . . . , a M (x)) + {N 1;Tl {x), . . . , 0) , (2) 

where e" nA H™k < |a ijn (x)| < e -»**+M« and iV i>n (x) := £ Qg;Hi c£ n (z)Q a . 

Definition 3.3 Lei M e 6e an e-fast function on X . A resonant cocycle TZ is M e - 
adapted if \\ N^ n {x) \\ = max^g^ |cf n (x)| < M e (x)e _nAl+ ' ra ' e for every n £ Z. 

Definition 3.4 Let r e and (3 e be respectively an e-slow and an e-fast function on X . 
£ — (£>x)x<=x is a ( r e, 0e) -coordinate if for any x £ X, S x : B XQ (r t (x)) — > C k is an 
infective holomorphic map satisfying S x (xq) = and 

V(p,p') £ B xo (r e (x)) , dist(p,p') < \S x (p) - S x (p')\ < f3 e (x) dist(p,p'). 

The normalization theorem is stated as follows [BDMJ. 

Theorem 3.5 For every e > 0, there exist a (r e , /3 e )- coordinate S and an M e -adapted 
resonant cocycle TZ such that the following diagram commutes for v-almost every x £ X 
and every n > 1 : 

B Xo (r e (x)) —/,. n (B XQ (r e (x))) 



Ft" 

c k 



S T n (x) 

k 



Note that the existence of r e requires the i/-integrability of log || (d x f) 1 || (see 
[BDMJ, lemma 4.1). Here this is a consequence of lemma I3TT1 
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3.4 Some estimates 



We denote z := (z, z k ) G x © and tt(z) := z. We recall that A = Card d\ and that 
\a\ < 9 — Ai/Afc for every q G K. 

Lemma 3.6 Let TZ be an M e -adapted resonant cocycle and M[ := max{A + 1, 9, 
l)}M t . Then for every x G X, r < 1 and z G D fc (r) ; we have: 

1. 3 k (M' e (x)- l e- nXl - ne • r) C B% (D fc (r)) C B k (M' e (x)e- nXk+nt ■ r), 

2. || 7f o d z Rl || < M' € (x)e- nXk - 1+nt , 



3. e 



-nXu—ne 



< 



r)h".'. 



4- 



dz fe v 

< M'(x)e" 2nAfc+ne . 



and 



< mnx{M' t (x)e- nXk ^ +nt , e - nAfc+ne } ; 



PROOF: Let i 6 I, r < 1 and z G D fc (r). Using the M e -adapted property and ([2]), we 
get for every 1 < i < k: 



\Ki{Rl{z))\ < \a n:i (x)\\z\ + A || N i;n {x) \\ \z\ < (A + l)M € {x)e 



-nXi+ne 



Z\. 



We deduce |i^(2r)| < M' e (x)e nX k+ ne r for every z G D fe (r). Similarly, for every w G 
D fc (r) and 1 < i < k, we have: 

k(ii!r n (tu))| < (A + l)M e (x)e nXl+ne \w\ < M' e (x)e nXl+ne \w\. 

Hence \R^ n (w)\ < r for every w G D fc (M e '(x)~ 1 e -nAl ~ ne r) . That proves the point 1. 
For the point 2, observe that for every 1 < i < k — 1 and z G D fc ( r ): 

|| tt, o d z Rl || < max{ \a n ^x)\ , 9 \\ N^ n (x) || r 6 ~ l } < M e '(a;)e- nAfc - 1+ " e . 

The point 3 now follows from the point 2 and the observation (see (T5])) : 

'dRl, 



dz k 



n k od z R2\\ = \a k , n (x)\~e- nXk±n \ 



For the point 4, let us distinguish whether or not / = {2X k < Aj} is empty. If I is 
empty, there are no resonant degree, hence R 1 ^ is a linear mapping and 
is not empty {9 = \\/\ k > 2 in that case), we have for every 1 < i < max/: 



d 2 Rl 



0. If/ 



7T; 



d 2 Rl 
dz\ 



< 9{9 



Ni, n (x) || r e ~ 2 < M' e (x)e- nX * +ne < M' e (x)e 



and 7Tj( dz i ) = for every max / + 1 < z < k. 



□ 
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4 Proof of theorem A 

In this section we establish theorem A assuming theorem B. Our aim is to prove: 

v/ c v ■ f logKffr(r)) ^ log^ -1 , K-logd^ 1 

Vx G LP z/-a.e. , Mint > 1 . (3) 

r^o logr Ai A fc 

Let e > and Q e , r be given by theorem B. We have z/(f2 e ) > 1 — e , and for every 
x G Q e the cardinality of 

Vn(x) = { f jn n (B p (s n )) , y G B^(pn) , p G £ Sn {Vn) } 

is leSS than d{ k ~ l ){ n -1n) e 20fcne _ g ere wg get ^ ._ s ^ e -nA fe +3n^ g^JJ uge g r j n _ 

Katok's theorem. Let B n (x, f ) := {z G CP fc , dist(/ 9 (x), f q (z)) < £ , < q < n} be the 
n-dynamical ball centered at x with radius £. 

Theorem [BKJ For v-a.e. x G CP fc , we /jai>e 

sup liminf log u(B n (x, £)) = /v 

In particular, for z/-a.e. x G CP fc , there exist ^(x) > and m t (x) > 1 such that: 

V£ < &(x) , Vn > m £ (x) , v(B n (x,£)) < e~< h ^\ 

We may decrease r and choose mo > 1 large enough so that T e := {£ e > r , m t < m } 
satisfies v{T t ) > 1 — e. We have: 

Vi G T £ , Vn > m , v(B n (x, r )) < e~ n( ^- e) . (4) 

We let A t := T t n fi e (it satisfies ^ (A e ) > 1 — 2e) and define: 

Lemma 4.1 For every Q G Qnt^) we have v(Q) < e~ n ^ hu ~ e \ 

The proof needs the definition of f2 e and is postponed to subsection 15.11 Let A' e C A e 
be the subset of points satisfying h>(B^ c {r)) /i>(B x {r)) — > 1 when r — )■ 0. The Borel 
density lemma asserts that ^(A'J = u(A e ). 

Lemma 4.2 For every x 6 A' e , i/iere exists p(x) > 1 snc/i that: 

Vn > p(x) , v (B x (p n )) < 2 Care/ V n (x) ■ e~ n{h ^ . 
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PROOF: Let x G A' e and p(x) > 1 so that u(B x (p n )) < 2v(B^(p n )) for n > p(x). The 
fact that Q n (x) is a covering of B^ e (p n ) combined with lemma I4TT1 implies: 

v(Bt(Pn)) < v ®) ^ Card Q ^ " e~ n( ^- £) . 

QeQn(x) 

We conclude using Card Q n (x) < Card V n (x). D 



Lemma 4.3 For every x G we /iai>e: 

liminf lo sKffr(r)) > f logd^ 1 + K-logd"- 1 _ 21ke\ X k 
r-»o logr ~ V Ai A fc A fe / A fc + 5e' 

PROOF: Lemma [4.21 yields for n > p(x): 

\ogu(B x (p n )) < log Card V n (x) - n(h u - e) +log2. 

We use theorem B to obtain for n > p(x): 

\ogis(B x (p n )) < (n- q n ) log^" 1 - n{h v - e) + 20/cne + log 2. 

Using p n = r e~ nXk ~ 5ne and q n > nXk/Xi — 1, we obtain for n large: 

logi^B^^)) raA fc /Ai ■ log g^" 1 + - log rf^ 1 ) - 21 fcne - log 2 
logp n ~ n\ k + 5ne - log r 

The aimed estimate follows letting n — > oo. 

Finally, lemma fl~3l yields ([3]) as follows. Let A' := n p >iU g >pAj/ . We have i'(A') = 1 
since ^(A'^) > 1 — 2/g for every g > 1. Now for every x G A' there exists a subsequence 
(<lj(x))j>i such that x G A^ ? .^. We deduce ([3]) from lemma S3] setting e = l/qj(x) 
and letting j — >■ oo. That completes the proof of theorem A. 

5 Proof of theorem B 
5.1 Definition of Q e and vq 

Let e > and r e , (3 e , M' e be the e-slow and e-fast functions provided by theorem 13.51 
and lemma [3761 Let us choose ro < 1 small and /3o, — 1 large such that the set 

fi e := { z G X , r e {x) > r Q , e (x) < (3 , M' e {x) < M' Q } 

satisfies 9(Q e ) > 1 — e. We define Vt t := 7r(fi e ). Observe that u(Q e ) = z>(7r — 1 (0 e )) > 
0(Q e ) > 1 — e. We fix once and for all a section of the restriction ft : Q e — > Q e . That 
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is to say that we associate to every x G Q t an element of Q e fl7r l {x}, that we denote x. 

We set r n := r e~ ne , (3 n := /3 e ne , M£ := M' e ne . We shall also need: 

s n :=r e- 8ne , p n := r e~ nX ^ , r n := /3 Q (1 + 2/3 M> n . 

In the sequel, the estimates and inclusions will be written for n large only depending 

on e,r ,/3 ,Mo and (A;)i<;< fc . 

Lemma 5.1 For every x G Q e , the maps f^™, S% n and K^ n satisfy: 

1. f^ n and S Xn are well defined on B Xn (r n ). 

2. dist(p,p') < \S in (p) - S Xn (p')\ < f3 n dist(p,p') for every (p,pf) G B Xn (r n ). 
3 - P i„( P )( r ) C S ^{B p {r)) C DS^ w (A»r) for every B p (r) C B Xn (r n ). 

4. © fc (M^ 1 e- qXl - qe ■ r) C R q Xn (© fe (r)) C D fc (M^e" 9Afc+9e • r) /or every r < 1 and 
< q < n. 

PROOF: The fact that iefl e and the e-slow, e-fast properties of r e ,/3 e yield r e (x n ) > 
r e (x)e~ ne > r n and (3 e (x n ) < j3 t (x)e ne < j3 n . All the items then follow from theorem 
13. 5[ definit ion 13.41 and lemma 13. 6f 1 ) . D 

Now we can give the 

Proof of lemma I4.lt Let y e A e and p G £ Sn (y n ) such that Q = f^ l (B p (s n )). 
Since B p (s n ) C B yn (2s n ), it suffices to prove that f$*{B yn (2s n )) C B n (y,r ) (see (|4])). 
We verify for that purpose that dist(/^ 9 (z), f^(y n )) < r for every z G B yn (2s„) and 
< g < n. Using the identity /r 9 = Sr^ ° -R^ n ° S Vn and lemma Iq~TT 3.4). we get: 

Wz G B,j2s n ) , dist(/~7(z),/r n % n )) < 2 Sn /3 n M; e -^ + ^ < 2r M^ e- 5 " e < r . 
That completes the proof of lemma 14.11 D 

Let us deal with the biholomorphism ip XjV := S x o gr 1 when y is close to i 6 fi e . 

Lemma 5.2 There exist R < 1 and 7 > svc/i i/iai /or every x G fi e <™d 1/ G 
^(r /2): 

1. Vxc,» : ^> k (R) -> D fc (/3 ) we// denned. 

J8. ik-^'l < </3ok-^| /or every (2, 2') G D fc (^)- 

5. || - d Z 'i/; Xty || < 7(2 - z'\ for every (z, z') G 3 k (R). 
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The point 2 actually implies \doip Xiy (c^)\ > 1//3q. We therefore have B^ € (r Q /2) = 
U* =1 W*, where W* := { 1 7Tj (d ijj X: y(ck)) \ > 1/A)}- We fix for every a; G f2 e a partition 
B^(r /2) = Ui =1 Y£, where Y^' C W x . We complete lemma l5\2l as follows: 

Lemma 5.3 | tt^ (d z ip X:y (c k )) \ > l/(2/3 ) for every y G Y x and z G D fc (_R). 

Proof of lemmas Q and E3J Let i?' = r /2, 7 = /3 /i?' 2 and i? = l/(2/3 7) < i?'. 
We prove 1, 2 on D fc (i?') and 3, lemma I5T31 on 3 k (R). Lemma [5.1( 3) yields for every 
w G {x, y} (take p = w and n = in that lemma): 

Vr < r , D fc (r) C 5^(B w (r)) C D fc (/V)- (5) 

Let z G D fe (i?'). The left inclusion in (jSJ) with w = y and r — R' yields ^l" (z) G 
By(R'). Since B y (R') C B x (ro), the right inclusion in ([3} with w = x gives tj) x>y {z) = 
S x o Sr 1 ^) G D fc (r /3 ) C B k ((3 ). That proves the point 1. The point 2 then 
comes from lemma 15.1( 2) and the point 3 from Cauchy's estimates: we indeed have 
|| ^x,y lie 2 d*(-R') — fio/R' 2 — 7 from point 1. Now let us deal with lemma |5~3"1 For 
every z G B) k (R), the point 3 implies || d z ip x>y — doip x>y || < jR = l/(2/?o). The desired 
estimate then follows from ^(do^a^Cfe))! > 1 / /?o • ^ 

5.2 The upper bound on Card V n (x) 

Let x G fL_. Recall that s n = r e~ 8ne , p n = s n e" nAfc+3ne and 

V n{x) = { f yn n {B p {s n )) , y G Bj-foO , p G £,„(?/„)} , 

where £ Sn is a fixed s„-separated set in CF k . We want to prove 

Card V n {x) < d^-^-ftO ■ e 20kn€ , (6) 

where q n denotes the entire part of nXk/Xi- We first verify that V n (x) is well defined, 
it therefore induces a covering of B^(p n ): 

Lemma 5.4 For every y G Q e and p G S Sn (y n ): 

1. /r™ and Sy n are well defined on B p (s n ), 

2. Sy n (B p (s n ))cB k (2s n P n ). 

PROOF: Observe that B p (s n ) C B yri (2s n ) C B yn (r n ) by definition of S Sn (y n ). The 
items then follows from lemma l5~TT l.3). d 

Now we localize the collection V n (x). We recall that r n = /?o(l + 2fioM' Q )p n . 
Lemma 5.5 For every ieO £ and P n G V n {x), we have P n C S , i T 1 (D fc (7:„)). 
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PROOF: Let P n G V n (x): there exist y G B^ e (p n ) and p G £ Sn {y) satisfying P n = 
fy™(B p (s n )). Our aim is to prove that S x {P n ) C B k (r n ). We shall use S £ (P n ) = 
o o Sy n (P), where P := B p (s n ). This comes from /7™ = S- 1 o R n - n o S in 
(see theorem 13. 5p and if) X) y = S x o S^ 1 . Lemmas 15.4( 2) and 15.1( 4) yield successively 
S §n {P) C D fc (2s n /3„) and o 5^ n (P) C © /c (2s n /3 n M; e -" Afc+ne ), which is included in 
B k (R). Then lemma CTl.2) implies: 

o Rl o ^(P) C Vx, w (0) + © fc (2 S „/3 n M^e-" Afc+ne /3 ). (7) 

But V'x.yCO) = ^(y) G D fc (p n/ 9o) from y G B x (p n ) and lemma l5~lT 3). The right hand 
side of © is therefore included in B k (p n (3 + 2s n M^(3 n e- nXk+nt (3 ), which is D fc (r n ). 
That proves S x (P n ) C © fe (r„). □ 

Now let us restate propositions A and B of section [2J We parametrize the family 
C n of polydiscs by (i, a) G {1, ...,&} x D(r n ). More precisely, let : ID^" 1 -> © fe (r n ) 
be defined as L^ a (t>i, . . . , Vk-i) = (viT n , . . . , a, . . . , Ufc_iT n ), where a stands at the i-th 
coordinate. Pulling back by S%, we set L^f := S^ 1 o L^ a . By lemma l5~iT 3). that 
polydisc satisfies L 1 ^ : D fc_1 — > B x {r n ). 

Proposition A now take the following form. 
Proposition A: For every (i, a) G {1, ...,&} X D(r n ) ; Vol f n o < ^-^("-ftO . 
Before dealing with proposition B, let us introduce the collection 

:= { f£{B p (a n /2)) > V E B * e (Pn) . P e ^(y„)} . 

It satisfies Card V n {x) = Card V n {x) and its sets are pairwise disjoint. Given P n G 
V n (x), for simplicity we denote Vol f n (L^f fl P n ) for the volume of f n oL l r f restricted to 
(L^ a ) _1 (P n ). Observe that it has multiplicity 1 since f n is injective on P n . Proposition 
B is restated as follows. 

Proposition B: There exists a subset A n C D(r n ) satisfying: Card A n < e 20ne and for 
every P n G V' n (x), there is (i, a)(P n ) G {1, . . . , k} x A n such that: 

voir (pjr )(K) np n ) > ( Sn ) k -\ 

Let us see how we deduce ([6]), thus completing the proof of theorem B. Since the sets 
of V' n [x) are pairwise disjoint, we have: 

k 

voi r (2# a ><*> n p„) < E Vo1 ^ n ° L « a - 

P n eV' n (x) i=l a£A„ 

That implies Card P„(x) • (s„) fc ^ 1 < A; Card A n • Then © follows using 

Sn = r e~ 8ne and Card A n < e 20ne . 



13 



6 Proof of propositions A and B (stated in §5.21) 



6.1 Proof of proposition A 

We denote by L 1 ? the extension of L^f to the polydisc D fc_1 (2), it satisfies L 1 ^ C 
B x (2r n ). We set a qn := f qn o L 1 ? and a qn := f q " o Vf. According to section [2J 
proposition A is a consequence of the growth lemma combined with the following 
lemma: 

Lemma 6.1 The polydisc a qn is bounded. 

PROOF: We have to show that a qn is included in some B y With no loss of generality, we 
can assume that every ball of radius r$ in CP fc is contained in some B r For simplicity 
we denote q := q n . Observe that it suffices to prove 

B k (2(3 r n )cRl q oS £q (B Xq (r q )). (8) 
Indeed, that inclusion implies using R q Xq o S Xq = S x o f7 q and r q < r : 

f oS i 1 (D fc (2/3 r n ))cB I ,(r ). 
The conclusion then follows from (see lemma I5TTT 3) for the last inclusion): 

a q = f q o Li? C f q (B x (2r n )) C f o S^{B k {2^r n )). 
Thus it remains to show (jHJ). Lemma [5.1( 4.3) yields: 

O fc (M-V^ ■ r q ) C R q Xq (B k (r q )) C R q Xq {S Xq {B Xq {r q ))). 
Using gAi < nX^ (which implies q < n), we obtain: 

M'~ l e~ qXl ~ q€ ■ r q = r M^ 1 e- qXl ~ 3qe > e " nAfc - 4ne > 2/5^(1 + 2/3 Mo)r e-" Afc - 5ne , 
which is equal to 2/3 T n . D 

6.2 Proof of proposition B 

We set t] n := s n e~ nAfe ~ 4ne /4 and define A n as a maximal ^-separated set in D(r„e n<E ). 
We have Card A n < (r n e ne ) 2 /rfc < e 20ne . Let us fix P n G V' n (x) for the remainder of the 
section and show: 

3 (i, a)(P n ) G {1, . . ■ , k} x A n , Vol f n (L^™ n P n ) > (s n ) fe_1 - (9) 
Let also y G B^(p n ) and p G £ Sn (y) such that P n = f^(P) = jr n (B p (s n /2)). 
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6.2.1 Definition of (i,a)(P n ) 

We define 1 < i(P n ) < k to be the unique element satisfying y G (see subsection 

15. ip . For simplicity we denote j := i(P n ). We now define a(P n ) G A n . Since Sx{P n ) = 
St o /r n (P) C D*(r n ) (lemmaESD, then Pn : = & ° fj"(p) lies in » fc (^.)- In particular 
we have 7fj(p n ) G ©(r^) and D 7r .( Pn )(?7„) C D(r n e ne ). In order to find some a(P n ) G A n 
satisfying ([9]), we shall prove: 

Va G D Wi (p n )(7k) , Vol (LiC n P„) > (sn)*" 1 . (10) 

Then we take for a(P n ) any element in A n D D 7rj ( Pn )(r] n ): that set is not empty since 
A n is a maximal ?7 n -separated set in D(r n e ne ). That shows theorem B. 

We deduce (ITUj) from the following claim. It relies on a precise geometrical descrip- 
tion of the inverse branches, due to the normalization theorem. We set Q := B p (s n /4), 
Q n := f$™(Q) and identify the polydisc L^' a with its source O x . 

Claim : For every a G © 7rj(Pn )(?]„), 

(a) L{i a intersects Q n , 

(b) the slice P n fl L^ 01 is a domain in 3 k ~ 1 with boundary in dP n . 

Let us see how we infer (TTU]) . Let a G Q n fl P£; a . Since f n (a) G we have 
Q> ■= B f n (a) (s n /A) C P = B p (s n /2). Hence £ := f n (P n n L^) satisfies E C P 
and <9X C <9P (the map / n : P n — > P is a biholomorphism) . Therefore S fl Q' 
is an immersed polydisc containing f n (a) (the center of Q') with boundary in dQ' . 
The Lelong inequality [L] then implies Vol (£ fl Q') > (s„) fe_1 up to a multiplicative 
constant. That gives ffTOj) and completes the proof of theorem B. 

6.2.2 Proof of the claim 

Let us denote ip := ip x ,y F° r every s < s n , we set r) := se ~ nX k- 4ne ; /\ := Sy n (B p (s)) 
and A n := o P^(A). For simplicity we assume that A = Dj(s), where p := S^(p) 
(see lemma I5TTT 3)). For any u = (ui, . . . , Uk-i) G O fc_1 , we define v s : D — > A by 
v«(t) := p + s(u,t). The claim is a consequence of the next proposition applied with 
s = s n /2 (for the item (b)) and s n /4 (for the item (a)). 

Proposition 6.2 For every u G O fc_1 , 

1- i>x,y ° ^„.( v u) i> s a graph over the j-axis, 

2. its ix j -projection := ttj o ip X)y o K£ n (v&) contains the disc H> nj ^ p j(r]). 
We need the following lemma for proving proposition 16.21 

Lemma 6.3 For every u G D fc_1 , w£ ; : D — > C satisfies : 
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1. <(0)6D I . (pJ ( S e-^-'+ te ) ) 

2. Vt G D, - <'(0)| < se- 2nXk+3nt , 
3- K'(0)| > se- nAfc " 2rie . 

PROOF OF PROPOSITION 16. 2t For the point 1, it suffices to verify that w£ = KjOifj^y o 
K-^Vu) is injective. Let ip := (w~ — w~(0))/w~'(0) — Id. We get from lemma 16737 2 .3): 

Vi e D , Wm = KW-<(°)I < '-^7 = e ~. 

' Wl K'(0)| - e -" A *- 2ne 

This implies Lip (<£>) < 1/2, hence Id + (p and w~ are injective on D. Let us prove the 
point 2. Since Lip (cp) < 1/2 and <p(0) = 0, we have \(ld + <p)(t)\ > |t| - \<p(t)\ > \t\/2. 
That yields |wg(f) - wg(0)| > |wg'(0)|/2 for every t G S 1 . Then lemma implies: 

Vt G S 1 , |wg(t) - wg(0)| > se~ nAfc - 3ne , 

which yields D w «( ) (se _nAfc_3ne ) C w^; by Jordan's theorem. We deduce from lemma 



Ell) that: 

Vw G P^ 1 , D^pj ( se - nAfc - 3ne - se - nA ^ 1+3ne ) C D wg(0 ) (se- nXk - 3nt ) . 
Finally, the left hand side contains O^.^j^) = I} 7T ^ p j(se~ nXk ~ 4ne ) . L7J 

6.2.3 Proof of lemma E3] 

We shall use the algebraic properties of resonant maps (namely lemma [376]) . For every 
(u,t) G D* -1 x D, we denote A(u,t) := v„(t) = p + s(u, t) and 2; := A(u,t). We also 
denote: 

v£(t):=i?£ n o Vfi (t) and h"(«) := o A(fi, 0). 

We have therefore p n = ^ o R% n {p) = ip o h n (0). Observe that AcD fc (lemma IOT2) ) 
implies v~ C O fc (M^e~ nAfc+n<E ) C H) k (R) (lemma I5"7iT 4)). One also obtains from the very 
definition of resonant maps (see (J2J), subsection 13. 3j) : 



dm „ _ d 2 R n 

We deduce from the last observation: 



<'(t) = s-^(z) , vf (t) = s 2 ._ -fL(^) and K k oh n = a Kn (y n )-ix k (p). (11) 



II dX || = || 7f o 4h n || = || # o o d (Sj0) A II = s II fro II • (12) 

Finally let us recall that w~ = ttj o if; o v~. 
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We have wg(0) 6^-0^0 h n (O fc_:L ) and 7r i (p„) =ir j o^o h n (0). Moreover flT2} yields 
for every £t G © fc_1 : 

|| 4(7r 3 - o o h n ) || < || 4 w (fi)^ || II II = s (I 4"(s)^ || || vr dzR$ n \\ 

which is less than sf3 Q M' n e- nXk -^ +nt < se - nAfc - 1+3ne (lemmas 2) and0^2)). That 
proves the point 1. 

2 - Vt G D, |wg'(i) - wg'(0)| < se- 2nAfe+3ne . 

Since w~; = 7Tj o -0 o v~, it suffices to verify that 0~ := (0 o v~)' — (0 o v~)'(0) satisfies 
|</>~| < se - 2nX k+3ne_ us write for every t G D : 

= (% t) v> - %o)V>) (vrw) + (4 S( o)^) (v^w - vr(o)) . 

Using lemma 15727 2.3). we obtain for every t G D: 

\m)\ < 7|vg(t) - vg(0)||vr(t)| + AiK'W - #(0)1 < TlvSfocD + AK'locB. 
We deduce using ffTTj) and lemma l376T 3.4): 

< 7s 2 max{M; e - nAfc - 1+n£ , e - nAfc+ne } 2 + /3 s 2 M; e - 2nAfc+ne < se - 2nAfc+3ne . 
That proves the point 2. 

3 - K'(0)| = I (vr, o d vS(o) 0) ( v g'(0))| > se~^-^. 
The line fllT) and lemma ||[2,3) yield for vg'(O) G C fe : 

|7r(vS'(0))| < sM' n e- nXk - 1+ne and |7r fe «')(0)| > se- nXk - ne . 

Now lemmas [5.2( 2) and 15.31 imply (use y EYj for the second inequality): 

VI < % < k - 1 , o d v g (0 )V')(ci)| < O and ((^ o d v n (0) ^)( Cfe )| > l/(2/3 ). 

We deduce |w£'(0)| > s ((2/3 )- 1 e" nA '=- ne - l3 M l n e~ nXk - 1+nt ) > se - nAfc - 2ne , completing 
the proof of lemma 16.31 

7 Appendix 

Let / be a holomorphic endomorphism of CP fc with degree d > 2. Let u; be the Fubini- 
Study (1,1) form on CP fc . For every holomorphic polydisc 77 : W(r) — > CP fe , we define 
Vol f o t; := J^,,. n*f m *u l . We recall that {5, , j G J} is a finite covering of CP fc 
which consists of open sets bounded in the affine charts. We say that rj is bounded if 
the image of that polydisc is contained in some Bj. 

Growth lemma : Let 1 < I < k and rj : B'(2) — > CP fc be a bounded polydisc. Then 

Vm > 1 , Vol f m o rjpi < d lm . 
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The proof relies on the Green current of /, which is the closed positive (1, 1) current 
on CP fc defined by T = lim^oo -^f n *u. That current satisfies f*T = dT and T = 
us — dd c ip for some continuous function <p : CP fc — > R. Iterating that identity, we obtain: 

Vm > 1 , f m *co = d m T + dd c (y o f m ). (13) 



We refer to the article of Dinh-Sibony ( |DSj . section 1.2) for more details about the 
Green current. In order to prove the lemma, we shall use an induction concerning the 
mass of T l A f m *u 3 . Note that a similar induction was employed by Dinh to estimate 
the local entropy outside the support of the current T l (see [D], theorem 2.1). In the 
sequel Uq stands for the (1, 1) form dd c \ . | 2 which induces the standard metric on C fc . 

PROOF OF THE GROWTH LEMMA: It follows from Cauchy's estimates that the family 
of bounded polydiscs D z (2) — > CP fc has bounded derivatives on D (3/2), say by 1. We 
deduce that for any such polydisc 77 and any positive current S on CP fc of bidegree 
(s, s) (with s < I): 

Vp < 3/2 , < f r]*S A ri*co l - s < f r)*S A cu^ 3 . (14) 

Let us fix rj : ©'(2) -> CF k and denote by || S \\ p := J ol{p) rj*S A u l ~ s . We shall prove 
for any 1 < q < I and < r < q: 



(H q , r ) : 3c 9 , r > 1 , 3p q:r G]l,3/2[ , Vm > , || T q ~ r A f m *co r \\ pqr < c q , r d 



rnr 



The lemma then follows by taking S = f m *uj and s = /, and by using (TT4"j) and (Hu). 

Let us establish (H q ) := "(if g r .) holds for any < r < g" by induction on q. Observe 
that (H q fi) obviously holds for any 1 < q < I. Hence it suffices to verify (i?i,i) to end 
the proof of (Hi). Let 1 < pi 5 i < r^i < pi.o < 2 and x be a cut-off function with 
support in W(T lt i) such that \ = 1 on ©'(p!^). We deduce from (fT3|) : 



|| i = d m \\T || + / cicf^ o J™ o I,) A a,'"' =: d" || T || pi x + X 



fit • 



On one hand || T || < ci.o from (Hq^). On the other hand Stokes' theorem implies 
up to some multiplicative constant: 

A m < [ x-dd^oro^Aco 1 ,-^ [ pfo^^A^ 1 ^ IMIJIxllc- 

JO 1 (2) JO 1 (2) 

Hence there exists c^i > 1 such that || f m *uj || i < Ci t id m , which proves (Hi). 

Assume now that (H q ) holds for 1 < q < I — 1, and let us prove (H q+ i). For that pur- 
pose, we show (H q+ i^ r ) by induction on r. Given < r < g, we shall deduce (H q+ i tr+ i) 
from (ifg, r ) and (H q+hr ). Let us set 1 < p ?+ i, r+ i < r 9+lir+1 < min{p 9ir , p g +i, r } and let 
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X be a cut-off function with support in D^r^+i^+i) such that \ = 1 on ^ l (Pq+i,r+i) ■ 
We obtain using f TT3"j) : 

where S 1 := T 9+1 - r A / m *w r and S 2 := T q ~ r A f m *u r A dd c (p o / m ). Now (H q+1<r ) and 
{Hq tr ) respectively imply (use Stokes' theorem as before for the second line): 

d m II * IU +1 „ +1 < d m ||Si|| P9+1 , r <c 9+1>rC r^), 

II ^ < IMUI X Ilea || A f m W' \\ pq r < IMIJI X He- c q>r d™. 

Using (USD we get || T q+1 -^ A f m * u r+1 || i < c,+i, r+ i cH r+1 ) for some c 9+1>r+a > 
1 . That completes the proof of the growth lemma. D 
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